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Abstract. H.Silverman (1999) investigated the properties of functions defined in terms of
the quotient of the analytic representations of convex and starlike functions. Many research
workers have been working on analytic functions to be strongly starlike like Obradović and
Owa (1989), Takahashi and Nunokawa (2003), Lin (1993) etc. In this paper we obtain a
sufficient condition for p-valent functions to be strongly starlike of order α.
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Introduction
Let A denote the class of functions that are analytic in the open unit disc U =
{z ∈ C : |z| < 1} and let An,p be the subclass of A consisting of the functions fn,p
of the form






k (n ∈ N)
where p is a positive integer and fn,p is analytic and p-valent in U . Then a function





> δ (z ∈ U)
for some δ (0 6 δ < p).
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A function fn,p ∈ Sn(p, δ) is called p-valent starlike of order δ. On the other hand,







> δ (z ∈ U)
for some δ (0 6 δ < p). A function fn,p ∈ Kn(p, δ) is called a p-valent convex function
of order δ. On the other hand, a functionfn,p(z) in An,p is said to be strongly starlike















for some α (0 < α 6 p) and for all z ∈ U . We write fn,p(z) ∈ An,pS∗(α) if fn,p(z) is
strongly starlike of order α in U . Silverman [1] investigated the properties of functions
defined in terms of the quotient of the analytic representation of convex and starlike



























< b (z ∈ U)
for some real b. For this class Gb, Silverman obtained the following result.
Theorem 0.1 [1]. If 0 < b 6 1, then







The result is sharp for all b.
In this paper we consider the strong starlikeness for p-valent functions fn,p(z)
belonging to Gb.
1. Strong starlikeness
For discussing the strong starlikeness of a function fn,p(z) in Gb, we have to recall
the following result by Nunokawa [3].
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Lemma 1.2. Let p(z) be analytic in U with p(0) = 1 and let p(z) 6= 0 (z ∈ U).
Suppose that there exists a point z0 ∈ U such that




(1.8) |arg p(z0)| =
πβ
2







where K > 12{a + 1/a} when arg{p(z0)} = 12πβ, and K 6 − 12{a + 1/a} when
arg{p(z0)} = − 12πβ where p{z0}1/β = ±ιa and a > 0.












(0 < α 6 p)
then fn,p(z) ∈ An,pS∗(α).











































































Define a function Fp(a) by
Fp(a) = [a








Fp(a) assumes its minimum value at a =
√

































(p − α)(p−α)/p(p + α)(p+α)/p
,
which contradicts our condition fn,p(z) ∈ Gb(α) of the theorem. Thus we complete
the proof of the theorem. 
Corollary 1.4. If we take p = 1 then the function fn,p(z) reduces to a univalent
function fn,1(z) = fn(z) and we get a sufficient condition of strong starlikeness of
univalent functions.
Considering the case of α = 1 in Corollary 1.4, we have
Corollary 1.5. If fn(z) ∈ Gb with b = 12 , then fn(z) ∈ AS∗(1) or fn(z) is
strongly starlike in U
Taking α = 12 in Corollary 1.4 ,we have




3 = 0.438691 . . ., then fn(z) ∈
AS∗(12 ).
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